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Abstract-The microplane mood is a powerful ,Ippruach for the represent,ltion of the compl<:x
triaxial behavior of concrete and other similar materials. Ilowewf. most <:trorts in pfl'vi,'us for­
mulations were devOled to the development of the modd itself ami to the experimental ,hlta
lilting. rather than 10 a eompreh"nsive theorelic,l1 deseripli,'n or I,> altainment of a n"'dular and
wmpulati'lllally eHid,'nl implementation in a c'lI11puler c"de. In this paper. these ,'bjectives arc
pursued. The formulati'lll or Ihe nllldcl has heen modified to ralionali,e the strlll:ture of the oasic
hypotheses. simplify the el.\uati'"ls and generalife the concepts whenever possiol<:. The result is a
new formulation which. while retaining the l:lVt'r~IOle properties achieved previously. is also easier
I,' ul1llerst,lllll, and convenienl 1"'1' eomputcr impl<:mentation and large-scale c~ll<:ulations. A com­
put'ltional scheme is presented wilh the unilied stru<:lure "I' a g,ner.l1 ,ode scrving Ihe d,'uole
Purposc of test spel:imen analysis ami tinite dement analysis. In practice. this structure includes two
dillcrentm'lin programs which I:allthe same set of constilutive suoroutim:s. t\ salieul Icalure of the
nl:W version of the modd is Ihat the I:omputation of the slress correspondiug to a prescrihed strain
incr,m,nt of linile sile is fully explicit. Step-hy-stcp numencal inlcgr;ltion. usually necessary for the
practical usc of constitutive models, can he avoided. Consequently. the complexity of thc code and
the cosioI'computations can he ,Iram;llically n:dUl:ed. Some e.vamples ofapI,hcations. uscd tll verify
the previous version llf the model. ;Irc ,IIso presented. They denlllllstrate lhat Ihis new formulatillll
gives a much heller numerical ellici,ncy fill' ,ode impl<:menlalilln whil<: k,eping the same desirahl<:
Icatures and ,l<:curacy in experimental data lilting.

I. INTRODUCTION

In 193X. G. l. Taylor suggested a new class of material lllodds for plastic polycrystalline
metals in which the constitutive material properties are characterized by relations between
the stress and strain components on planes of various orientations in the material (now
called the microplanes), which arc constrained eithcr statically or kinematically to the
macro-stress or maem-strain. Based on the static constraint, this basic idea h~tS been
extensivdy developed for metals under the name of slip theory, beginning with the pion­
eering work of Batdorf and Budianski (1941.). Later. the modds with static constraint have
been adapted for geomaterials (Zienkiewicz and Pande. 1977; Pande and Sharma. 1983).
In application to concrete and geomaterials, the name "slip theory" became misleading
because most of the inelastic response is due to damage such as microcracking. and the
more general term "microplane model" was coined (Bazant and Oh, II.)X3 ; Bazant, 1984).
It was also recognized that the strain-soflening obserwd in geomaterials cannot be rep­
resented with a static constraint because the microphtne system becomes unstable. and
consequently a kinematic constraint has been ~ldopted (Bazant and Oh. 19X3. 1985; Ba7::lOt.
1984: Bazant and Gamharovu, 19X4: Bazant and PraL 19XX). although a more general
mixed constraint might conceivably also be used.

The microplane model with kinematic constmint and strain-softening has proved to
be a powerful approach for modelling rather complex aspects of tri'lxial behavior of
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brittle-plastic materials such as concrete. rock. ceramics and some compositt:s (Bazant and
Gambarova. 1984; Baiant and Oh. 1985; Baiant and Prato 1988; Bazant and Ozbolt,
1990). However. as usual in the exploration of new constitutive modds. most attention has
so far been paid to achieving an accurate representation of the main aspt:cts of material
behavior given by experimental curves rather than to other theoretical or numerical aspects
also important for constitutive modelling.

Further work has lead to the conclusion that the theoretical description of the model
given in previous works can be simplified. the same concepts can be presented in a more
comprehensive way. and a new and clearer interpretation of some of tht: equations and
variables involved in the formulation is possible. Also. some derivations can bt: given a
more rigorous or alternative description. and some changes can be made in tht: hypotheses
and assumptions. so that the final formulation is better suited for practical application.

From the viewpoint of numerical implementation and code dt:velopment. tht: previous
formulations of the microplane model also lacked a systematic approach. In general. the
computer implementation of a constitutive model is undertaken with one of the following
two purposes: (i) representation of the material behavior itself. as a relationship between
stress and strain ("single-point constitutive verification"). or (ii) representation of the
material behavior in the context of structural analysis ("F.E. analysis"). Without a unified
scheme of implementation. the programs developed for these two purposes may well have
completely different structures. and the part of the code corresponding to the constitutive
model may feature two completely different implementations of the same model. which in
a way was the case for the previous versions of the microplane model.

In this paper both aspects, a new theoretical description (Section 2) and a new numerical
implementation scheme (Section 3) for the microplane model. arc presented. Altogether.
these aspects yield a new version of the model which. while keeping all the useful features
achieved in the previous version in terms of constitutive verification. is also easier to
understand and better suited for practical usc in the context of a general F.E. code. The
new computer scheme includes two model-independent main programs calling the sallle
material subroutine which gives access to all the model-specific routines and computations.
In this way. all the inconveniences caused by having two different programs implementing
the same model arc overcome automatically: the code needs to he written only once. and
once verified at the constitutive level it is automatically working for F.E. wl11putations.
Moreover. any further modifications introduced to the model need to he encoded only once.
Thus. both the single-point and F.E. analysis programs always contain the same version of
the model, and the results obtained from both levels of analysis arc fully consistent for
comparison or complementary use in the same practical problem. By virtue of the general
scheme used and the new theoretical assumptions for the model. the computations in these
subroutines (which basically must perform a load-step computation from prescribed strain)
are fully expIic.:it. without any step-by-step integration procedure. This makes the code
simple to implement and fast to run.

Section 4 presents some examples. The results obtained arc compared with experimental
data and published results of the previous version of the microplane model. The comparison
is made in terms ofcapability to fit experimental data as well as numerical elliciency. Finally.
Section 5 gives a brief summary and the main conclusions drawn from this work.

2. THEORETICAL DESCRIPTION OF THE EXPLICIT MICROPLANE MODEL

At a point within the material. a microplane is defined as an arbitrary plane which cuts
through the material at that point. defined by the orientation of its normal unit vector of
components n,. The most direct and easiest physical interpretation of a microplane comes
from the observation of the material microstructure. as the interface or discontinuity plane
between grains or different components in the heterogeneous medium (Bazant and Gambarova.
1984; Bazant and Oh. 1985; Bazant and Prato 1988).

On a generic microplane. certain components of strains and stresses are considered.
These are the normal and shear strains and stresses on that plane. A set of stress-strain
laws are defined as the relations between strains and stresses on the microplane. These laws.
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together with the relations between macroscopic and microplane stresses and macroscopic
and microplane strains. constitute the material model.

2.1. Kinematically constrained microplane system
In the first models of this type developed for metals and soils. a static constraint (the

microplane stresses are equal to the resolved components of the stress tensor on that plane)
was assumed as the fundamental micr<rmacro relationship. However. to represent the
behavior of quasibrittle materials such as concrete or rock. showing strain softening. a
kinematic constraint (the microplane strains are equal to the resolved components of the
strain tensor on the plane) seems to be necessary. As will be shown in Section 3. this
assumption fits very well into the strain-to-stress scheme used for numerical calculations
and makes possible fully explicit types of calculations with great economy in computer
time.

The theoretical framework for the new explicit microplane modd is based on the three
hypotheses given below. similar to those used by Baiant and Prat (1988). with some changes
that affect the resulting formulation and its numerical implementation:

Hypothesis I. The normal and shear (tangential) strains t::-< and f.r. on a microplane of
unit normal ", are the resolved components of the macroscopic strain tensor f.i/ in that
direction. which implies that

(1)

(2)

Additionally. the normal strain is split in two parts. the volumetric strain 1:, and the (normal)
deviatoric strain 1:1l. the expressions of which arc

(3)

(4)

The latin lowercase subscripts refer to Cartesian coordin'ltes x,(i = 1, 2. 3), and subscript
repetition implies summation.

Note that the tangential strain is a vector with three components in space. but its
direction always lies in the microplane of normal n, [(check that I:r", = n, from eqn (2)).
Also the normal strains arc vectors with three Cartesian components in the normal direction
fI" though only their magnitudes f.:-<. I:v and I:u arc used. A useful alternative interpretation
of the variables I:v, I:u and f.r, can be obtained if they are derived in terms of the volumetric
f.v and deviatoric e" = 1:,/ -1:V()'i parts of the macroscopic strain instead of directly from the
tensor I:IJ' Then, the volumetric strain at microplane level f.v. which is the same for all the
microplanes, is directly equal to the macroscopic volumetric strain. The normal deviatoric
strain ell and the tangential strain I:". which arc different for each microplane, arc equal to
the normal and tangential components of the projection of the deviatoric strain tensor. e'f'

on the microplane considered.

Hypothesis II. Associated with the three strains f.v. f.ll and 1:1',' the three corresponding
stresses (Jv, (Ju and (Jr, .Ire introduced so that their respective products give directly the
work done on the microplanc. The strain--stress laws at this level arc a set of empirical
relationships defining the evolution of each one of those three stresses as a function of the
three microplane strains (and possibly their history) exclusively.

The fact that the laws for (Tv. (Til and (Tr, arc functions of strains exclusively is a very
important difference with the previous version of the model (Bazant and Prato 1988). This
hypothesis permits the model to be fully kinematically constrained. Consequently, other
kinds ofdependences. such as the dependence of fTT, on a certain invariant of the macroscopic
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stress tensor assumed in previous works (which in fact established a "mixed" kinematic­
static constraint for the model) are in this case excluded from the formulation.

Hypothesis III. The relationship between the microplane stresses (fv. (fo and aT, and
the macroscopic stress tensor a'l is obtained by applying the principle of virtual work. Its
application to this case is explained in some detail in Appendix A. including certain
considerations about symmetry requirements for the tensors a,/ and clI necessary to ensure
interchangeability of the indices i and j in the final expressions (the symmetry considerations
used in the Appendix are an alternative to the a priori symmetrization of eqn (2) used in
previous works to reach the same final effect). The expression for the macroscopic stress is
then:

(5)

where the integral domain represented by n represents the upper half hemisphere and (ji;

is the Kronecker delta.

An important new feature of eqn (5) is that it is written in terms of the total values of
stresses instead of differential increments. The equation would also be valid if all the stress
variables were replaced by their differential increments. which was how it was presented in
the original formulation (Bazant and Prato 1988). If. however. the equation is written in
terms of the total values. then the current (total) value of the macroscopic stress tensor ",;
can be obtaincd from the current (total) values of the microplane stresses "v. !Til and !TI, at
any moment during the load history. by direct application of eqn 5. This desirable feature
cannot be obtained from the incremental-type equation.

Another advantageous 'Ispect of eqn (5) is that is permits a clear interpretation of the
contribution of each of the microplane stresses ("v. "D and "I) to the macroscopic stress
tensor ",/. Frolll that equation. one can see that the "v term gives a volullletric contribution
to ",/. and the "I. term gives a pure deviatoric contribution to the macroscopic stress tensor
(this becomes clear by noting that this term becomes zero if i = j). The !Til term is the only
one which gives both volumetric and deviatoric contributions to the macroscopic stress
tensor. Consequently. this term is responsible for the intrinsic coupling the model shows
between volumetric and deviatoric behavior. such as deviatoric-induced dilatancy. etc.

With the three hypotheses presented. and provided that specific definition of the
microplane stress-strain relationships is given according to Hypothesis II. the basic frame­
work of the model is complete and it is already possible to calculate the macroscopic stresses
which correspond to a prescribed value of macroscopic strains [see the scheme in Fig. (I)] :
from the macroscopic strain increment, the microplane strain increments are evaluated by
using eqns (1)-(4) then the microplane stresses arc computed using the stress-strain laws
defined at the microlevel. and finally the new macroscopic stress tensor is obtained by
integration of microplane stresses according to eqn (5).

MACROSCOPIC MICROPLANE
LEVEL LEVEL

STRAIN E il Kin.matie
Ev,ED ,E Tr..

(INPUT DATA) con_train'

I !Mieraplan.

prinCiPI} of

laws -

STRESS all .. Ov 'aD ,0Tr
(OUTPUT Virtual Wor.
RESULTl I

Fig. I. Basic scheme for the computation of macroscopic stresses from the macroscopic strains.
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Although not always necessary. in certain situations (e.g. as a part ofa F.E. program).
it is useful to calculate additionally the macroscopic tangential stiffness tensor Dllkl • relating
macroscopic stress and strain increments. In particular. this tensor is required to obtain the
tangential stiffness matrix of the structure whose eigenvalues decide path bifurcations and
determine the stable paths (Baiant. 1988; de Borst. 1987). The expressions for Dllkl can be
easily derived from the incremental counterpart ofeqn (5) by substituting for the microplane
stresses their expressions in terms of microplane strains and then. for the microplane strains
their expressions in terms of the macroscopic strains. However. since the resulting stitTness
expression can be different depending on the type of stress-strain laws used at microplane
level. this derivation will be given in Section 2.4. after the definition of the microplane laws.

2.2. Constitutice relationships used at the microplane lerel
Within the basic framework presented. a very wide range of models can still be defined

depending on how the microplane stress-strain relationships are chosen. In this work. the
laws for (fv. (fn and (fT, have been selected on the basis of those used in previous versions
of the microplane model (Ba:z.mt and Prato 1988) but with some modifications and new
dependencies so as to make numerical implementation more convenient.

(a) Volumetric law. This microplanc law directly reproduces the macroscopic behavior
of the material whcn only volumctric strains or stresses are present. Therefore. a curve that
fits experimental data for hydrostatic tests m~IY be directly introduced. For compression
(lTv> 0) the following law is assumed:

(6)

while for hydrostatic tension (lTv < 0)

(7)

where £~. a. h. p. tJ. al. 1'1 arc empirical material constants obt~tined by litting a single
experimental curve. The volumetric law is plotted in Fig. 2a. For unloading--rdoading. both
the tcnsile and compressive eurves act as envelopes. In compression the unloading bmnches
arc assumed to always have the initial slope E~. and the origin of the tensile part or the
diagram ,llways shifts to the point in which the unloading compressive branch reaches the
horizontal axis. The unloading-reloading in tension is assumed to rollow a secant slope
betwcen thc maximum point reached in thc tcnsile curve and the origin of that curve.

(b) Normal del'ialOric fall'. This law is based on the same type of exponential stress-­
strain envelope curve used for the tensile part of the volumetric behavior. but now con­
sidering two dilferent sets of parameters for tension and compression

(8)

(9)

where Eg. al' PI' a~. p~ are cmpirical matcrial constants. The law is represented in Fig. 2h.
For unloading-reloading. straight lines arc assumed with a certain slope. For cQlnpressive
behavior the initial slope Eg is always used. while a secant slope (from the origin to the
point of maximum positive strain previously reached) is used on the tensile side of the
diagram. For unloading in compression. the origin of the tensile part of the diagram is
always assumed to shift to the point in which the unloading compressive branch intersects
the horizontal axis.
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a) Volumetric stress -strain relationship

----:+~,----,I-----------­

E.

b) Normal deviatoric stress-strain relationship.

c) Tangential stress - strain moduli relat lonshi p

hg. 2. Sln:ss strain laws at [h.: mi.:roplan.: kvd.

(l:) TIII/gel//illl (,I'hellr) IIIII'. This is the most complicated among the three mil:roplane
constitutive laws. The complexity l:omes from two f:ll:tS: first. the tangential stress and
strain have two in-plane l:omponents ead, on the mil:roplane and. therefore. the stress
strain law must be two-dimension.d. that is. it must provide a coupled relation between two
components of stress and two wmpom:nts of strain simultaneously. Sewnd. in this law
there must also be an additiunal dependelKe on a macrosl:opil: variable giving a measure
of the external confining pressure sud, that the tangential response is stifler when the
confinement is higher. This is to relled in sume way the phenomenon of internal friction.
which must bc taken into al:count if the model is expected to lit, with the same set of
material parameters, the experiment.d d.lta for diflerent confinement pressurcs.

Several possibilities can be l:onsidered to formulate sUl:h a model in a l:onsistent way.
One of them might be to adopt a general t\vo-dimensional plastil: model similar to the ones
already existing for the behavior of joints or intert:lces (Gens £'( III.• 1989). However.
although this kind of model would be fully consistent and satisfy all the requirements
mentioned. the complexity and computational demand' of such a model running at the same
time on everyone of the microplanes used for the numerical integration over the hemisphere
would seriously reducc numeril:al dlkiency.

Among other alternatives considered. the basic scheme proposed by Bazant and Prat
(1988) seems to remain the best compromise between performance and cost. though some
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important improvements concerning the influence of the macroscopic confinement may be
introduced. Basically. this approach. which we call"parallel tangential hypothesis". consists
of the simplifying assumption that the tangential stress vector on a microplane. Uf.' remains
always parallel to the corresponding tangential strain vector. f.r.. This means that

( 10)

, r---'.
where r =" ar.ar, and :. = ,./f;r,Cr,' Then the problem reduces to establishing a one-
dimensional relation between the tangential stress and strain moduli rand i'. The relation­
ship we use for that purpose is an exponential curve similar to that used for the other
microplane laws:

( II )

in which E~ and (', are empirical material constants and £/.1 is a certain empirical function.
As shown in Fig. 21.:. the I.:urve given by this equation is used as an envelope. with

unloading-reloading branches with initial stitTness E~. Zero tangential stress is assumed
when the horizontal axis is re'Khed during unloading. For reloading. the full initial stitTness
applies again up to the I.:urrent envelope. In this way. a very simple loop is obtained at
this level. whidl seems to be sullil.:ient for obtaining a reasonable simplified approal.:h to
unloading-reloading IO\lps at nlal.:rllswpil.: level. as shown in one of the examples of
applil.:ation later in this paper.

As desnibed so far. however. the tangential stress strain relation would not show any
dependelll.:e on the m'Kwswpil.: I.:onlinemenl. This dependenl.:e is introdul.:ed through the
parameter tI, in eqn (II). whidl is assumed to have ilKreasing values depending on the
nJal.:fOsl.:opil.: l.:(lIllinemenl. In this work we take the varianle I:y as the measure of the ex­
ll:rnal confinement instead of (Tc = ((Til +(T1II)/1 whidl was used in the original formulation
(Baiant and Prato 191'1'). This assumption has the advantage that it makes the model fully
kinematil.:ally wnstrained. t\ linear variation is assumed for the dependence of (/, on I:y

(Fig. J):

( 11)

where tI': and k" arc empirical material constants.
The fact that u\ depends on J:y introduces the neeessity of some additional assumptions

on how to compute the stress r from the strain j' in Fig. 1c. In this work. the following
procedure is used: !irst. the increment of r is computed c1astkally from the increment of j'

on the basis of the initial modulus E;'. Then the curve given by eqn (II) with a value of a.\
corresponding to the linal value of I:y is used as a limit envelope for r. As described. this
procedure is based only on the total values of the variables at the end of the load step. not
involving. therefore. any numerical integration procedure with sub-stepping. This feature
is an apparently minor but practil.:ally important modification of the previous version of

---~---f----------
E.

Fig. 3. [)cpcllll.:ncy of (/. on I:\".
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the model (in which the numerical integration procedure was needed) : it makes possible a
fully explicit computation of a strain-prescribed load step. which is one of the objectives of
this work.

2.3. Path-dept'f1dt'nce
As is clear from eqns (6)-( 12). the microplane stress-strain relations are total-strain

relations which are path-independent for the case of monotonic loading on the microplane.
It is important to note. however. that the macroscopic response for macroscopically mono­
tonic loading is path-dependent. The reason is that even such loading normally involves
unloading (for volumetric or deviatoric curves) or change of direction (for shear) on some
microplanes. As in the previous microplane model. it is assumed that all the macroscopic
path-dependence stems from the possibility of various combinations of loading and unload­
ing on the microplanes.

This is an attractive simplifying theoretical feature of the modd. rn practice. however.
some numerical precautions must be taken due to the numerical scheme used. explained in
Section J. According to the kinematic micro-macro constraint assumed. the change of
direction of the microplane strains must come from a change in direction of the macroscopic
strains. As will be shown in Section J. the increments of strains. stresses and other variables
are calculated for each load step within a loop over the number of external load steps. In
the (macrosl.:opic) strain space. the strain inl.:rement corresponding to a load step is rep­
resented oy a straight segment. and the segments of the suosequent load steps I.:onstitute a
polygonal approximation to the true strain path. In general. the true strain path will be a
I.:urve not nel.:essarily smooth (e.g. consider the sudden development of lateral dilat~IIKY in
a uniaxial test ncar the peak. as in the first example presented in Sel·tion 4). Consequently.
it is clear that in praetil.:e the load history must be divided into a suflicient number of load
steps so that the true strain path and. therefore. the I.:orresponding loading unloading
I.:ombinations in the mil.:roplanes. can be captured in the calculations.

2.4. Ttil/gel/t /lweroscopic stijJi/e.u t('I/SOf
For the derivation of the macroscopic tangent still"lH:ss matrix. eqn (5) must he rewritten

in terms of the difrcrential stress increlllents instead of thc total valucs:

(I J)

Then the increments ofstresses at the microplane h.:vd lllust be replaced by their incremental
expressions in terms of the current tangent modulus and the increments of strain at that
level. These are simple scalar expressions for dl1v and dl1 ll •

( 14)

( 15)

but not for dl1 r, since both the tangential stress and strain on a microplanc arc vectors.
Their incremental relationship must involve a matrix:

(16)

The matrix fI~·:n for the parallel tangential model used in this work is derived in
Appendix B. Its final expression involving the tangential shear stiffness Eli'" (obtained from
the relationship dr = £'['" dy) as well as the current values of I1T • f.r and their respective
moduli r and ~'. is ' ,
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(17)

Introducing eqns (14)-(16) into eqn (13) and then replacing the microplane strain
increments according to eqns (2)-(4), the final expression of the tangent macroscopic
stilfness matrix D~~::, can be obtained. This derivation is presented in Appendix C and it
requires the introduction of certain symmetry considerations for identifying the matrix
coefficients from the resulting equation (or alternatively, the use of an a priori symmetrized
version of eqn (2). as done in previous works) in order to get a stiffness expression that
satisfies the interchangeability of stress tensor indices i and j and the strain tensor indices
k and I. The final expression is:

( 18)

where

( 19)

:"ote that this is not the same expression as obtained by Bazant and Prat (1988), where
the relationship between mal:rosl:opic strain and stress im;rements was dU'1 = C".I dl:kI +dU;'i
with the additional initial stress term; the tensor Ci/.,did not have the meaning of tangential
stilfness.

2.5..\'wnmary or the modclparameters and their "alues
Prior to est~lblishing the linal list of model parameters, it is useful to relate the three

initial moduli of the mil:ropl~lI1e stress stmin laws E~, E:~ and E~, whil:h do not have any
mal:roswpil: physil:al meaning, to the standard clastic pammeters. This can be easily
achieved if we impose the I:ondition that virgin I:onl:rete initially follows a linear elastic
behavior. In that situation the behavior on any mil:roplane is the same: linear c1astil:
funl:tions for (Tv, (Tu and (T, in terms of their respective strains with initial moduli E~, E~

~lnd E~. These equations I:an be introduced into the integral ineqn (5), the microplane
strains n:plal:ed al:cording to eqns (2)-(4), and the integral over the hemisphere solved by
hand, from whil:h a linal linear relationship between mal:roscopie stress and strain is
obtained. By identifying the I:oellkients of that expression with the coellkients of Lame's
equation of elastil:ity, the following relations are obtained (Bazant and Prat, 1988):

(J EE v = ---------
1-2\'

() 1[5(1-2\') ] ()
E, = 3' I :+- \,-- - 2'10 Ev.

(20)

(21)

(22)

Thus, Young's modulus, E. Poisson's ratio, \', and the additional parameter, '1n, can be
used as input parameters instead of the three initial moduli at microplane level. Then the
progr~lm calculates the values of those moduli internally.

The final list includes a total of 14 parameters:

(i)-EI~lsticparameters: E, \' and 'In.
(ii)-Volumetric law: a. h,p, q, al and PI'
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(iii)-Normal d~viatoric law: a: and P:­
(iv)-Tangential law : ali. k" and p,.

However. the six volumetric law parameters can be identitied separately by simple curve
fitting of the compressive and tensile hydrostatic stress-strain curves. Of these six
parameters. five can be usually assumed to have the same values for most concretes:
a = 0.005. h = 0.225.p = 0.25. q = 2.25,p, = 0.5. Constants Eand \. are known from elastic
tests. Thus. only seven parameters need to be identified by fitting other than hydrostatic test
data on the basis of eqn (6). Furthermore. experience shows that for most concretes. one
can use P: = PI = 1.5. Consequently. there are only five parameters. '7". a l • ([:- ali and k".
which must be determined to fit the experimental data for non-linear triaxial behavior
curves. Moreover. in th~ case l)f t~sts with negligible contining pressure. k" = 0 can be used
and the number of parameters is reduced to only four. \Vith only five or four unknown
param~ters. the titting of non-linear triaxial test data is not ditlicult.

J. :"UMERICAL IMPLEMENTATION

We now present a unitied scheme for two computer programs serving the purposes of
both "single-point" constitutive veritication and F.E. structural .malysis. This scheme
involves two (constitutive) model-independent main programs and one (constitutive)
model-specific set of subroutil1\;s.

3.1. Flml'c!/(/rts jiJl' C/llIStillllirc rai/ic([li/lll tlllt! F. E alll/lysis

Figun; 4a shows the oasic tlowchart of the "single-point" main program developed for
constitutive verilication. and Fig. 40 the same scheme for the companion F.E. main
program. Both diagrams present a similar structure. though the F.E. program ooviously
includes all the additional operations for calculating clement stifrness matrices. etc. After
the general data input. a first loop over the number of load steps can be observed in both
programs. For the tinite element program. a load step consists. as lIsual. of a set of applied
loads and prescrioed nodal displacements. while for the single-point program a load step
consists of a set of values of either prescribed stress or prescribed strain for each of the six
degrees of freedom considered at the constitutive level.

In both programs. the non-linear analysis of ~ach load step is carried out by using a
standard iterative initial-stress type strat~gy. This is retlected in the lloweharts with the
inner loop controlled by an IF statement at the bOllom of the diagrams. As a consequence
of using the same non-linear strategy. the same type of constitutive computations arc
required for an iteration in both programs. Those computations arc of the preserioed strain
type. i.e. knowing the previous (initial) state and the values ofa prescrioed strain increment.
the new final st'lte (including the new values of stresses) must be obtained.

Note that the single-point main program of Fig. 4a deals directly with the components
of strain and stress at a point of the material. In general. similar results can be obtained
using a finite element program with a single clement. However. there may be ditlcrences
between the two types of analysis when stress (and not only strain) is prescribed to some
of the degrees of freedom. Then. if unexpected results arc to be interpreted. it becomes
dillicult to distinguish whether they arc due to the constitutive model itself or to spurious
or non-spurious but unexp~L'tcd behavior of th~ tinite c1emcnts (it is possible to obtain
apparently correct but misleading results from F.E. computations with one or few elements.
since the method is expected to converge to the solution of the physical problem studied
only when the mesh is line enough).

The unified implementation of the comput'ltional schemes for constitutive verification
and for F.E. analysis. has important advantages which in general arc clear to the specialists
on large-scale computer programming. but seem to be unappreciated by many solid mech­
anicists who specialize in material modelling. One obvious advantage of the unified scheme
presented here is that a single subroutine (or set of subroutines) for the constitutive model
needs to be devcfoped for both levels of analysis. This subroutine (or set of subroutines)
can be deougged and tested with the single-point main program. and then. after this phase
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or the F.E. main program.

of the work has been finished, the model is automatically ready as an additional option in
the general F.E. code. There are other advantages: (I) From the viewpoint of the consti­
tutive model. the single-point main program described is general in the sense that any
combination of either prescribed strain or prescribed stress for every d.o.f. is possible. and
that this combination can vary from load step to load step. Therefore. any imaginable load
history (with either stress or strain prescribed for cvery d.o.f.) can be analyzed with this
program. (2) The constitutive subroutines for both (single-point and F.E.) main programs
can be considered as a "black box" called only from one point in the program. Therefore.
these programs arc independent of the constitutive model used except for that line. which
enables the same single-point main program to be used with different constitutive models.
This can be easily done by replacing the CALL statement or. alternatively. making all the
statements of CALL to the different models available within an IF structure. The scheme
suggested also makes it easy to implement several constitutive models in the same F.E.
program. as options that can be used alternatively or simultaneously in different parts of
the discretization.

3.2. The lIIicroplaf/e .l"IIhrolilif/e
In the context of the unified scheme presented above. the subroutine implementing the

constitutive model itself necessitates that only the following type of computations be
performed: given a certain "initial state" and a certain strain increment, the resulting final
values of stress and other variables defining the new "final state" at the end of the increment
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must be computed. A basic description of the steps to follow in this type of computation
has already been given in Section 2.1 and Fig. I. However. for the implementation in a
practical computer subroutine. some additional numerical procedures need to be established
tirst.

The first one is the integration over the hemisphere necessary to obtain the macroscopic
stress and stiffness from the stresses and stiffnesses at the microplane level as shown in eqns
(5) and (19). Following Bazant and Prat (1988). this integration is performed numerically.
as a summation of the value of the function to be integrated in a number of selected
"directions" 11, (points on a hemisphere). each with its corresponding weight coefficient. A
ruk with a total of 28 integration points (or directions) distributed over the upper hemi­
sphere (Stroud, 1971) has been adopted in this paper. Hov,rever, a slightly less al:curate
formulation (Bazant and Oh. 1985) with 21 points could also be adequate.

The state variables in this version of the model. for both macroscopic and micropl'lne
kvels include:

(i)-The macroscopic strain tensor (&. a total of six variables).
(ii)~Two history variables (maximum and minimum I:y achieved so far) for the

volumetric microplane stress-strain law. same for all the 28 microplanes; a total
of two variables.

(iii)-Two history variables (maximum and minimum 1:1) achieved so l~tr) for the
normal deviatoric mkroplane stress-strain law, different for each one of the 28
mil:roplancs: a total of 56 variables.

(iv) -One history variaole (maximum I:.) for the tangential microplane stress strain
law. ditrcn:nt for each one of the 28 microplanes; a total of 28 variables.

This makes a grand total of n state variaolcs which must oe stored and updated at each
load step during the computation of the stress history from the strain history at a material
point (for the slightly less accur.tte integration formula with 21 points. this \voukl decrease
to 71 variahles).

The general Ilowehart of the computer subroutine implementing the constitutive model
for strain-to-stress calculations is represented in Fig. 5. One call sec that the llowchart has
a simple slructure with a single loop over the number of allmi~roplaneswnsidered for the
intcgration rule. 21\ in the prescnt formulation. Then the microplane strains arc computed,
and the corresponding laws arc used to obt.tin the new microplane strcsses, stiffnesses and
history variables. This is done only once (outside the loop) for the volumetric law. sincc
the volumctric oehavior is Ihe same for all the microplanes. and as many times as the number
of Illicroplanes (inside the loop) for the normal deviutoric and tangential laws. Finally, the
intcgration over the hemisphere is performed and the new maeroscopi~ stress and stiffness
values for the cnd of the load step obtained.

The most important feature of the present scheme is that the computation of the
model response unda a strain-prescribed load step is fully explicit, i.e. no substepping and
numeril.:al integration is necessary within the load step for obtaining the new stress and
history variables at the end of the step. Among all the new theoretical and numerical aspects
of this version of thc model, then: arc three that make it possible to achieve this: (i) the
modd is fully kinematically constrained, so the increments of mi~roplane strains can be
computed directly from the prescribed increment of m.tcroscopk str'lin (including I: ... ); (ii)
the stress strain relationships at the mil.:roplane level arc also explicit under any type of
macroscopil.: louding, so the new vulues of stresses at the microplane level can be computed
from the microplane strains (even lIT. for non-constant f.y); and (iii) the integral of the
microplane stress over the hemispherc is expressed in terms of the total v.tlues of stresses
and so the ncw total valuc of the macroscopic stress tcnsor can bc obtained by integration
of the rnicroplane stresses.

~. EXAMrLES OF APrUCATION

The first example presentcd in this section corresponds to a uniaxial compression test
carried out by van Mier (1984), in which both longitudinal and transverse strains were
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lopu~ from ~he main pro&raIU callin& ~he .ubrou~ine:

- Model parame~rs
- Ini~ial .~Me iocludin&

• ~.-l)
• Volume~ric. deviawric and tan&eotial hiawry

variables

- Prescribed <3.( ,
VOLUMETRIC COMPUTATIONS

Compute ,t. and 6,v from «'_I) and 6,

Use the volumetric law:

FROM: Initial sta~ (,t- and two volumetric history
variables), and preocribed 6,v

OBTAIN: New O'v. ~... and volumetric history variables

t

I Compute new 'v =!t- + 6!v I
~

Loop over microplanes (28)

t
DEVIATORIC COMPUTATIONS

Compute!o and 6'0 from ~;_I) and 6{

Usc the deviatoric law:

FROM: Initial st"te ('0 and two deviatoric hiswry
vl"i"bl",,), I\nd prescribed <3.!0

OIlTAIN: New"0, E'a" 1\",\ devil\toric hiswry vl\ril\bles

t
TANGENTIAL COMPUTATIONS

Compute !r. I\nd 6!T. from '<;_1) and 6,

Use the t"nKential Il\w:

•'ROM: Initial .t"te (!r. I\nd t"ngential history vl"iable) •
I\IIlI p"..cribed <3.!T• ..nd !v

OIlTAIN: N"w "·r•. If;,:" and hi..tory v..riable

t
llltegrl,tion of a'v. if/J, and tiT. 10 obtain new ~

Integration of f:~an. E;"M I AntI 1J~:" to obtain new Ql-.n

Fil,;. 5. Fluwchart 01" the e.\plicit microplane rnodd subroutine.

IISS

mt:asun:d. These me,lsurements include the post-peak softening of the specimens-a ditficult
aspect whose complete description would require a very complex analysis of triaxial strain
localization in the specimens. The softening may have caused the strain state in these
specimens to become non-uniform after the peak load. although no observations to this
elfect were documented. Since evidence is lacking, the tests with post-peak softening are
here analyzed under the hypothesis of uniform strain. This hypothesis is applicable only to
sulliciently small specimcns whosc size is approximately equal to the characteristic length
of the material used in non-local formulations (Bazant and Ozbolt. 1990). If the strain
localized. the post-peak stress -strain curve of the material would decline less sll:cply than
shown in Fig. 2 (and would yield a higher value of energy dissipation. which me,lns the
present analysis is on the safe side with respect to energy dissipation). The present model
could then be adjusted to describe it correctly. It should further be noted. though, that even
if the strain in these specimens was localized. the average stress-strain rebtion obtained
can still be used for an approximation of finite clements of nearly the same size as the
specimens tested [this is exactly true if the structural action can be approximated by the
series coupling model: see Bazant and Cedolin (1991). Chapter 13). Analysis of strain
localization in the specimens tested is beyond the li:asible scope of this paper.
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Comparisons of the present model (solid curves) with van Mier's measurements (data
points) arc shown in Figs 6a and 6b. the tirst including the axial stress strain curve and
axial stress lateral strain curve, and the second the axial stress volumetric strain curve. [n
these diagrams. the results obtained with the new explicitmieroplane model an: represented
by the solid lines. while the dashed lines arc the results obtained with the previous version
of the microplane model already published by Bazant and Prat (lllXX). The circll:s (knoll:
experimental data. The prl:scribl:d strain on thl: loading axis was applil:d in 15 incrl:ments
of 0.0005 for the first 10 increml:nts and 0.00 I{) for the remaining livl:. Thl: p.lraml:ter values
used in this easl: al'l: E == 2406 MPa. I' == O.IS. '/ 11 == 0.X5. al == 0.0004. a2 == 0.0043.
a'i == 0.00 IX. k" == O. Thl: remaining parametl:rs have their genl:ral values already specitkd.

Since k" == O. the parameter (I, is assumed to be constant as it was in Bazant and Prat
(19XX). In this particular situation both versions or the model arc equivalent from a
theoretical point of view. The values of the remaining parameters in this example are also
the same. which explains why the curves shown in the tigure are almost coincident.

However. there is one large difference: the amount of computer time spent on cal­
culations in both cases. [n the old microplane model. a step by step numerical integration
was performed within each load step. which in general is a very expensive procedure. while
in the new explicit formulation. the same linal values are directly obtained by means of a
set of explicit expressions previously integrated by hand.

[n order to make a comparison between the computer time spent with each version of
the model under similar conditions. a new implementation of the old version of the micro­
plane model has also been made. The original subroutine has been modified so that it
performs the type of strain-to-stress constitutive calculations needed to be used in con­
junction with the same "single-point" main program as the new explicit formulation. Then
both models can be used to solve the same example under almost identical conditions and
an objective evaluation of the true savings obtained with the new formulation can be made.

For any step-by-step integration procedure. the subroutine implementing the old ver­
sion of the model includes a parameter that gives the measure of "how tine" the substepping
within the prescribed load step will be. In that subroutine. a parameter called EPSINC is
used for that purpose: any strain-prescribed load step to be computed by the subroutine is
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divid~d in a number of proportional substeps so that the largest component of the strain
tensor in on~ substep would not be larger than EPSINC. If EPSINC is very small. then the
number of substeps is large and the integration more precise but expensive. If. on the other
hand. EPSINC is given a larger value. the integration is cheaper but the error increases.

For the purpose of comparison. the same example as described in Fig. 6 was also
computed several times using the old formulation with different values of EPSINC. The
results obtained using the old formulation with EPSINC values of 0.0001. 0.00003 and
0.0000 I are summarized in the first three columns of Table I. together with the results
obtain~d using the n~w explicit formulation in the fourth column.

The first four rows in Table I contain information about the CPU time spent in the
computations. and the last four about the accuracy obtained in the results. The CPU times
arc given in terms of total values (row I) and average CPU time spent each time the
constitutive subroutine is called (row 4). since the total number of times the subroutine is
called (row 3) is not the same for each run (it depends on the number of iterations necessary
for each load step to conv~rge in the single-point main program. see Fig. 4). Also. the ratio
of the CPU time spent in the three calculations with the old version of the model to the
time spent by the explicit formulation is given (rows 2 and 5) in the table. The comparison
of accuracy is made in teons of the stress obtained at strains 0.0035 (approximately the peak
strain. row 6). and 0.007 (about twiee the peak strain. row 8). Assuming the values of stress
computed with the explicit formulation to be the exact solution. the integration errors for
the computations with the old incremental model have also been obtained (see rows 7 and 9).

From the results shown in the table it is apparent that the explicit formulation is much
faster than the old incremental formulation. and the computer time is reduced dramatically.
The exact value of the reduction factor depends on which of the three runs of the old model
is compared. out it can very well he greater than 10 for "n.:asonable" integration errors
untlcr I '''';'' in the L'xample studied. It must also be pointed out that under some other types
of loading in whidl the amount of strain pn.:scribed to the material is larger than in the
exampk analyzed (e.g. uniaxial loading after application of a high confining pressure). the
('PU time reduction could be even larger than evaluated. since the number of integration
suosteps increases propOrlionally to the step size. while the CPU time for the explicit
formulation only depends on how many load steps arc considered in the computation.

The second example presented in this section corresponds to a uniaxial compression
test carried out by Hognestad /.'/ al. (1955). The results arc represented in Fig. 7. The
parameter v~"ues arc E = 3X66 ksi. v = O.IX. till = 0.5. al = 0.00005. a~ = 0.0025.
a'~ = 0,0015 and k" = O. The remaining parameters have their general values. In this
exampk:. the uniaxial strain is first increased up to 0.002X (somewhat beyond the peak).
then it is decreased to 0.00 I and again increased to the final value of 0.0040. all in load
steps 0.0002 in size.

The envelope curve in Fig. 7 agrees very well with the old curve and with experimental
data as well. and also a reasonable shape for a basic quasi-static loop is obtained at this
stage. It may be remarked that it is not a specilk purpose of this work to model loops
accurately. Rather. the purpose here is merely to show that reasonable (or at least not
meaningless) results are obtained in the case of a load reversal.

Tah!.: I. ('omp;lrison helwe.:n the perform;lnees of the old and n.:w formulations of th.: mieroplan.: modd

Old iner.:m.:nt;1I modd Expli.:it
St.:p si/': 0.0001 0.00003 0.00001 mod.:1

Total ('I'll to I: = (Ull 61.65 156.25 ·WI.9s 11.135
Ratio to .:.\pli~it 5.5 1-1.0 37.6 I
Calls to ~onstituti\'.: .:quatiol1s ", 206 197 193
CPU tim.: per call (s) 0.277 0.757 2.130 0.057
Ratio to .:\plieit -1.9 13.3 37.3 I
f7 at r. = 0.0035 (1\.II'a) 39.00 39.77 -10.05 40.10
Error to .::tpli~it (",,) 2.7-1 0.32 0.12 0
f7 at r. = 0.007 (MI';I) 28.2-1 29.22 29.58 29.76
Error to nplicit ("" I 5.11 1.85 0.60 0



II XS I. C-\IWL t!I al.

7~-----------,

--E.qtUcft ..Ic............
-- -Old Yk~ Mod..

Uniaxial Compression
_ 6 Hogneslad el 01.. 1955

'(ij

'::::'5

b
CIl 4
CIl
QJ

~ 3
rn

<ll 2
:<
<

O-J----.::-_--~-_l

o 1 234
Axial Strain f; 1 (x 1(Tl)

Fig. 7. Comparison with uniaxial test by Hognesl<ld <'I al. (1955) and simple loop obtained with
lhe new modd.

In the last two examples. similar load histories consisting of two load steps are
considaed. During the first load step. certain confining pressure is applied to the concrete.
and then a st:cond load step consisting of a uniaxial strain increment under constant klteral
pressure is applied. These examples correspond to two series of standard triaxial tests
carried out by Balmer (1949) and Kotsovos and Newmann (197X). In both cases. several
tests under difrerent confining pressures arc modelled; sec Figs 8-9. The values of the
parameters arc: for Balmer. E::::: 3500 ksi. I" ::::: O.IS. '10::::: 0.S5. 1I1 ::::: O.(}0005. CI! ::::: O.OO\.
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al~ = 0.OO~5. ku = 3.28; and for Kotsovos and Newmann. E = 3400 ksi. v = 0.18. '10 = 0.85.
a I = 0.00005. a~ = O.OO~. a~ = 0.008 and k u = 0.61. All the remaining parameters have
their general values.

The objective of these two examples is to demonstrate that the new explicit fonnulation
can also reproduce satisfactorily the behavior of concrete under different confining
pressures. as can be seen in the figures. This is an important achievement. since it is in this
part of the model (influence of e",,<ternal confinement on microplane laws) in which the main
theoretical change has been made compared to the old microplane model.

5. SUMMARY Ai'D CONCLUSIO:-';S

While the aim of the original development of the microplane model had been the
accuracy in the modelling of test results. the main objective of the present new version of
the model is to achieve a new more rational and comprehensive theoretical description of
the model. as well as an easy implementation in a general code and numerical elliciency in
large-scale computations. To this end. the basic hypotheses have been reviewed. some
e,,<pressions have been rewritten in terms of total values rather than differential increments
of the variables. and a few important changes have been made in the functions and internal
dependences assumed. Also. physical interpretation has been provided for the variables and
equations whenever possible. On the numerical side. the model has been implemented in a
suhroutine capahle of performing explicit strain-to-stress calculations. This subroutine can
he uscd in either of two main programs. one for constitutive verilkation and the other for
F.E. analysis. The examples of application show that the new explicit formulation gives a
very important reduction in computer time (one order of magnitude compared with the
same case analyzed using the previous version of the model). The explicitness or stress
calculation also eliminates the problem of error accumulation during the numerical inte­
gration. These practical advantages together with the good qualitative agreement or the
model with a wide range of experimental results in the full three-dimensional domain make
attractive the usc of the model in the context of general F.E. codes and practical structural
com puta tions .
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:\PPE:\DIX t\: APPLICATION OF THE PRINCIPLE OF VIRTUAL WORK

Enfllr..:ing till" .:quality l1f virtual work oetween the macroscopic stress tensllr rT" and the ..:orrcspllnding
microplane str':SSl'S rT\'. rT" and rT r .• when a field of aroitrary virtual str,lin variatillns ,51:" arc presnioed III the
fI111dcl. one llotains the equatilln (Baiant. lQ1(4):

(i\ I )

where the sil.:n ,i denlll<:s the \'irtual variations. <iivl'n the kinematic constraint hetwl'\:n the l11a..:nlSl·opic and
mi..:roplane ;trains. eqns (I) and (2) ..:an he used for the virtual stram variatllllls:

Introdu..:ing th..:" .:qllatlons in .:qn U\ I). Ih.: folillwing \'arialional .:qllation is ohlam.:d

wh.:r.:

(AS)

Equalion (A4) is a variatiollal .:qllation whid! must hold li.r any variation ,il:" hUI wilh th.: r<:stn":liun gi\.:n hy
symm.:lry (,)1:., cannol h<: dilJ'<:r.:nt tll ,il:,,). This restri<:tion mak.:s th.: dir<:<:t diminalion uf th.: krm ,lI:" fruln hoth
sid.:s of th.: .:qualion (whi..:h would kad tll rr" = r,,) in..:orr<:<:t. sinl:<: il wuuld h.: ':lluivaknt 10 al'l:<: pt that
sYIllIll<:lric t.:rms can have independ.:nt v:lriations. (nsl.:ad. the impli..:it sumlllation o\'.:r i and ion buth siJ<:s of
th.: .:quation lIIust 0.: d.:vdop.:d. anJ eilch pair of th.: syllllll.:tri.: terms of ,il:" and 11" .:onsid.:r.:d as a singk I.:rm
and Ih.:ir <:oelli.:i.:nts group.:d. Finally the following e:\pression is ohtain.:d :

rr" = l(r,,+ r,,) (Ao)

from whi..:h. aft.:r SUhSlilution of r" frolll .:qn (A5). th.: tinal ':4n (5) for rr" is ohlain.:d.
All.:rnati\dy. with intuilion (llaiant and ('rat. 19S1<).on.: may syllllll':lriz.: in ad\;uK': the knsori;d .:xpr<:ssion

lIIulliplying ,;/:" in ':4n (AJ) hecaus.: th.: produ<:t of its nonsynll11<:lri.: part with ,i"" \anish". In that "IS<:. r" is
symm':lri<:. eqn (A4) implies thaI rT" = r" and eqn (5) r<:sults again.

APPE~DIX B: I~(,REMENTAL RELATIONSIIIP FOR TilE P,\RAl.l.EL MODEL

Th.: oasic .:quation llf th.: par.dld modd. eqn (10) . ..:an h.: written as:

r
rT T, = .. r.T .,,

(III)



By ditf.:rentiation.

The diff.:rentiation of,; ;' leads to

:-';.:W .:xpli..:it mi..:roplan.: modd for ..:on..:ret.: IllJl

(B2)

(B3)

wh.:re the in..:rement of the sh.:ar stress modulus ean be written as a produ..:t betw.:.:n the tangent stiffness in the
t-;' spa..:e (modulus toml'duJus relationship) and inerem.:nt of shear strain modulus:

dr = E'r''' d;',

Th.: in..:rement of the shear strain modulus d;' must be rdated to th.: in..:rement of its wmpom:nts dl: r, as

(B5)

and. sin..:e;' = 'I. '1:1'/1',. the partiallkrivative bcn'mes

f.r,

from whidl. making all thc wrn:spl>llding had·suhstitutions. the tinal clln (17) is ohtaincd,

APPI:NDI:\ (': DERIVATION OF TilE MACROSCOPIC TANGENT STIITNESS

Inlroducing cllns (14) (16) into ":lIn (1.1) and th..:n replacing th..: in..:rem..:nls of mi..:roplan..: strains a..:..:ording
10 ":lIns (I) (4) in t..:rms of th..: ma..:ros":llpi..: strain in..:r..:m..:nt lil:H• th..: following clluation is rca..:h..:d:

(('I)

wh..:r..:

Z"" "" I"\~'" ,)",i" +J' f:;';"tI,tI, (tI,tI, - ,),,) dn + r /I~':" (tI"i" + tI,')" _. 2t1,",tI, )(tI"),, - tI,tI,tI,) dn. ('2)
. u J, -

Th..: ..:odlki..:nts Z"H haw h..:cn dcriwd ..:orr..:etly ami. if us..:d 10 ..:ompul..: Ih..: in..:r..:m..:nt of slr..:ss. th..:y would giw
th..: ..:orr..:..:t valu..:s, Ilo",..:wr. th..:y ..:annol h..: id..:ntili..:d dir..:..:tly with th..: ..:ompon..:nts of th..: tang..:nt slill'n..:ss t..:nsor
sin..:..: th..:y do not satisfy thc c:ondition of int..:r..:hangeability of indi..:es k. I asso..:iatc:d with th..: symmetry of th.:
strain t..:nsor (although they do satisfy th.: c:ondition I"l' indic:es i. i associat..:d with the symmdry of Ihe stresses).
On..: way to id..:ntify the ..:ompon..:nts of a symmetry-consistent still'n..:ss matri.\ 0:;:',. may b..: to r..:plac:e the stress
inc:r.:m..:nt in ":lIn (('I) hy its ..:xpr..:ssion involving O:;'~,. i,e,

(e3)

Th..:n the proc:..:dure to follow is to d..:vdop the summa lion for k and I on both sides. ..:onsid..:r th..: symm..:tri..:
..:ompon..:nls kl and Ik of th..: strain t..:nsor as ;1 singk variabk. group th..:ir c:odli..:i..:nts. and th..:n also ..:onsid..:r
O:;~', and D:;:: as th..: sam..: variahk. Th..: r..:sult is

whidl 1":;lds dirl"Ctly 10 th..: Iin;1I ..:xpr..:ssion of 0:;:', in ":lIn (19).


